Continuty equation

We consider the ligid, which moves in a space.
We use cartezian coordinates and consider, that any point of space can be described by three coordinates

(X,y,2).
The density of the liquid is a scalar function from coordinates. Let’s denote density at the point (x,y,z) at the

time moment t as .
Velocity of the liquid in the point of space is the vector-function from coordinates and time. It can be

described by its 3 values, , , which are it’s projections to the axes at the
moment t.
We assume, that functions , , , are defined in a whole space are

differentiable there, and their derevative is continious.
Let’s consider some parallelipipid in the volume, with sides parallel to the axes.

Ax, Ay, Az

Let size of sides are , and coordinates of center of parallelipipid are

We devide the bottom of parallelipipid into NxN equal squares with sides A and o .
Let’s observe the system at some moment % for a small period of time &
If sides of squares are small enough we may consider, that density and velocity doesent change

sufficiently in the square (x,y,x+6x,y+08y) in the small period &7 .
Mass of liquid, which come through the square (X,y,X+6x,y+0y) is

u_(x,y,z,)P(x,y, Aty

Total mass, which comes through the bottom of parallelipipid is sum of mass comming through all squares

N N
Am_ = u,(x,,y.,z,,t,)Atxdy
IZ]Z j2<0°70 .

Xo+Ax yo+Ay
A’/nz :At I Ip(xayazoato)u(xayaantO)dXdy
When &, -0 , sum mutates to the integral: Yoo Yo

Now, we may introduce new function:

Ax DNy 1 Am |
x+—,y+—,z,0) = == x, v, z,0u(x, y,z,t)dxdz
q.(x+ =y )AxAyAt AxAy‘!’!p(y Ju(x, y,2,1)
In the middle of the square it has a value, which shows, what mass of liquid goes through the square in z
direction per unit of time per unit of square.
One may call it “flow in direction z”, or “speed of mass changing in direction z”” or whatever his imagination
allows him. We will call it “q -function”.

qu(a)""&aZ"'&:tE qux-'-&:yaZ-'-&atE
In the similar way can be defined functions O 2 2 Lang O 2 2 L

1 Am 1 yHAY z+A
AyAz Atx :AyAz I f P(x, y,z,0)u(x, y, z,t)dydz

1 Ax Az 1 Am, |
(x+——— yz+— )= = X, ¥, z,)u(x,y,z,t)dxdz
9,( Ay 2 2)AxAzAt AxAz.[.[p(y)(y)
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To make formulae shorter, let’s denote
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Then the mass of liquid, which comes through the bottom side of paralellipipid during the time Ar g

q. (%, 7,29, 10 )AxAyAt
The mass of liquid, which leaves through the top side of paralellipipid during the time At g
q.(x,y,z, +z,t,)) DDyt

So, in parallelipipid lefts

top or bottom side.

For the right-left and front-backward sides all is analogical.
So, total change of mass in the parallelipipid is:

Am —

MDz(q  (xy, 5.2,10) = 4. (x, + D, 5,2,1,))
Deledtlq, (%, 9y, 2,t0) = . (5, yy + 09, 2,8,)]
DY q, (3, 5.20,1)) =4, (3,7, 2, +D2,1,)

Let’s introduce jet another function: the mean density over the parallelipipid

x+Ax y+Ay z+0z

,OBr +7,y +A_2y z +7 tH— p(x,y,z,t) = J' J’ J’p(x v, z,t)dxdydz
Then, change in mass is connected to change of mean density:

Am =m(t, + M) -mt,) = p(x,7,2,t, + M)V - P(X,7,2,t, )V
Am =(p(x,7,2,t, + ) - P(%, 7, 2,1, )| ey

And we have an equation:

DyDzD(q  (xy, 5.2,10) = 4. (x, + D, 5,2,1,))
Delebitlq, (%, 79, 2,t0) = 4. (5, vy + 09, 2,8,)]
DY q, (3,5, 20,1)) = 4. (X, 9,2, +Dz,1,)) _
_(pl%.5.2.1, + D) - p(%. 3. 2.1, )| Aty

AxDyAzIN

If we divide both parts by we obtain

qx(xoayaf’to)_qz(xo +Axs)_}a25to) + q)f'(f’yo’z’tﬁ)_qz(x’yo +Ay’2’t0) + qz()?a.)_/azoato)_qz(xayazo +Azst0) - ﬁ()_cay’

.+ 01 -l

DxLy At(qz (. 7, 20:10) = 4. (%, 3,2 + 2.1 )) mass of liquid, which comes through

x
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And now, if we take limit from that equation when Ox, by, Bz, ~ 0

We obtain partial differential equation:

_aqx _aqy _aQZ _a_p

Ox Jdy 0z Ot

At



The only thing left is to take a look at the difiniton of functions q, when O, By, Az, Bt ~ 0

Ax AZ 1 x+Ax z+0z
xX+—,y,z+— ) =—— x, v, z,Ou(x, v, z,t)dxdz
qy(zy 2)AXAZX‘Z[;O(,V)(,V)
when 860,082,485 o small, values of density and velocity do not change sufficiently.

So, in the limit case we may consider P, 3,2,0) = P(Xo, Yo, Z0:0) ,
Ax Az
q),(x-l-?ayaz-*-?at)_qy(xoayoaz()ato)

u(xayaz’t) :u(xO’yoﬁzO’tO)

We have
xtAx ztAz
xtAx z+Az I dXdZ
q}'(xo’yO’ZO’IO) ST I Ip(xmyovZovto)u(xmymzmto)dxdz = p(xozy0>Zo>t0)uy(xoaywzwto)X; = P(xozyO,ZO,fo)uy(xozyo,Zo,to)
Axbz ) AxAz

The same is for other components:

4, (Xp» Yos Zgs 1) = P(Xgs Yos Zgs 1)t (X5 Vs Z5 1)

q.(Xos Yor Zos 1) = P (X, Vs Zgs 1), (X os Zgs 1)

So, finally partial differential equation can be rewritten as

_alpu,) _olou,) alpu,) _op
Ox dy 0z ot

or 0! 0x dy 0z
u=>0 L
0" C
If we denote - Lthen equation may be rewritten in a more compact way:
% +0m=0
ot

If the liquid is imcompressible, then it has constant density. In that case equation becomes:

Um=0



